
SQA Higher Mathematics  

Course Handbook  

This handbook summarises the required knowledge for the SQA Higher Mathematics 
course. The material contained in this guide should be considered necessary but 
not sufficient to be successful on the Higher Mathematics course. In other words, 
you should strive to know and understand everything presented here but that 
knowledge should be supplemented with practice questions and exercises to gain a 
wider understanding of the topics and how they can be used.  

In Mathematics UNDERSTANDING is the key. While it is important to learn formulas 
and techniques more important is to gain insight into what a topic is really about. 
If you can achieve understanding then it becomes less important to memorise 
formulas and techniques because, in many cases, they follow easily from your 
understanding.  
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Exponential Functions 

The word exponential refers to the ‘exponent’, or power, of a term.  

For example, for the term  , 2 is the exponent. Similarly, for the term     is 
the exponent.  

Exponential functions have the variable in the power – hence why they are called 
exponential functions.  

For example,   is an exponential function, as is   

In general, exponential functions are of the form   where   is a real 
number and usually an integer.  

In an exponential expression such as  , 3 is called the base.  

Logarithmic Functions  

Whereas exponential functions are fairly straight-forward to visualise – they are 
simply functions with the variable in the power – logarithmic functions are less 
intuitive.  

A useful way to think of a logarithmic function is as the inverse (opposite) of an 
exponential function.  

Take the function  , then   

The relationship   is being expressed as an exponential. However, it can be 
expressed as a logarithm by    

We read this statement as ‘log to base 2 of 16 equals 4’  

It is important to understand and remember the relationship between an 
exponential expression and a logarithmic expression.  

In general, a logarithmic function is of the form   

                              

32 ax, x

f (x) = 2x f (x) = 5x

f (x) = ax a

32

f (x) = 2x f (4) = 24 = 16

24 = 16
log216 = 4

f (x) = logax
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The Cosine Function  

  

•The maximum value of   is   

•The minimum value of   is   

•The range of possible values of   is between    

• 1 is said to be the amplitude of    

•The graph of   repeats every   is said to be the period  

Cos x° 1

Cos x° −1

Cos x° −1 and 1

Cos x°

Cos x° 360° − 360°
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The Sine Function  

  

•The maximum value of   is   

•The minimum value of   is   

•The range of possible values of   is between    

• 1 is said to be the amplitude of    

•The graph of   repeats every   is said to be the period  

Notice that the Sine function is the Cosine function shifted to the right   

Sin x° 1

Sin x° −1

Sin x° −1 and 1

Sin x°

Sin x° 360° − 360°

90°
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The Addition Formulas  

There are many trigonometric identities – relationships between the trigonometric 
functions  . The addition formulas are examples of these.  

 �
 �

 �
   

Although these are presented in the formula list you should strive to memorise 
them, or at least be familiar with their format since recognising that an expression 
looks like one of the addition formulas is the key to knowing when to use them.  

Identities are true both left to right and right to left so the addition formulas work 
in both directions. If you have the right side of one of the identities you can 
rewrite it as the left side and vice versa.  

The key feature of the addition formulas is that two angles are involved – angles 
 above – so if you see that in a question it may be a clue that you need to 
use the addition formulas.  

The Double-Angle Formulas  

Similar to the addition formulas the double angle formulas are another set of 
trigonometric identities. 

  

  
   
�

The key feature of the double angle formulas is that they feature a double angle – 
in other words two times some angle.  

Note, however, that the double angle is not always explicitly stated. For example, 
  does not appear to be a candidate to use the double angle formulas with 
but in fact we could use the first double angle formula to write 

   .  

Sine,  Cosine  Tangent

sin (A  +  B) =  sin A cos B + cos A sin B
sin (A  − B) =  sin A cos B − cos A sin B

cos (A +  B) =  cos A cos B − sin A sin B
cos (A  − B) =  cos A cos B +  sin A sin B

A and B 

sin2A =  2sin A cos A

cos2A  =  cos2A − sin2A
cos2A =  2cos2A – 1
cos2A = 1 – 2sin2A

sin 60°

sin 60° = 2sin 30° cos 30°
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The Wave Function  

Many real-life scenarios involve waves that can be modelled by Mathematical 
functions (sound waves, ocean waves, earthquakes, … ). When two waves are 
added together – for example when two sounds are produced – they make another 
(single) wave.  

The graph of the   functions are often referred to as waves 
because of their shape. When a   wave are added the resulting 
wave can also be expressed as a   or   wave. The process of finding that 
resulting function is what this topic is about and is an application of the addition 
formulas.  

In practice this topic is about expressing   in the format 
    or     so you can see why the addition formulas are used.  

Consider the following example. 

Express   in the form   for   

Equate the two expressions since we want them to be equivalent  
  

Expand the right-hand side using the addition formula to give  
  
  
Rewrite the right-hand side with the variable,   following the coefficient  

  

 By comparing the sides it follows that  
    and    

Now we can write the equations as a fraction giving  

   

      

          
  

Sine and Cosine
Sine and Cosine
Sine Cosine

acosx + bsin x
kcos(x± α) ksin(x± α)

3cosx − sinx kcos(x + α) 0 ≤ x ≤ 360°

3cosx − sin x =  kcos(x + α)

3cosx − sin x =  kcos x cos α − ksin x sin α

x,
3cosx − sin x =  kcos α cos x − ksin α sin x

3 = kcos α 1 = ksin α

ksin α
kcos α

=
1

3

tan α =
1

3
α = 30°
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Graphs of Transformed Functions – General Rules  

A transformation is when the size of a graph (stretch or compression) or position  
of a graph (translation) is changed by a change in the function. There are four 
transformations you should be familiar with – a vertical translation, a horizontal 
translation, a vertical stretch (or compression) and a horizontal stretch (or 
compression). A translation just means that the graph is moved.  

Let   be a function defined on a set of real numbers.  

Vertical translation  
  moves the graph up by   units                                   
  

  moves the graph down by   units                             
  

Horizontal translation  
  moves the graph to the left by   units                      
  

  moves the graph to the right by   units                    
  

Note that the horizontal translations seem counter-intuitive with a   moving 

the graph to the left and a   moving the graph to the right.  

Vertical stretch / compression  

  Graph stretched vertically by a factor of            
  

  Graph compressed vertically by a factor of    
  

Horizontal stretch / compression  
  Graph compressed horizontally by a factor of    

  

  Graph stretched horizontally by a factor of   

  

f (x)

y = f (x) + a ′�a′�
(x,  y) → (x,  y + a)
y = f (x) − a ′�a′�
(x,  y) → (x,  y − a)

y = f (x + a) ′�a′�
(x,  y) → (x − a,  y)
y = f (x − a) ′�a′�
(x,  y) → (x + a,  y)

′�+ ′�
′�− ′�

y = af (x) a > 1 ′�a′�
(x,  y) → (x,  ay)
y = af (x) a < 1 ′�a′�
(x,  y) → (x,  ay)

y = f (a x) a > 1 ′�a′�
(x,  y) → (

x
a

, y)

y = f (a x) a < 1 ′�a′�
(x,  y) → (

x
a

, y)
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The Domain & Range of a Function  

The domain of a function  is the set of values   such that   returns a valid 
result. In other words, the domain is all of the values you can input into the 
function and know you’ll get a result after running it through the function.  

For many functions the domain is the set of all real numbers where you can input 
any value into the function and you’ll get a valid output. For example, the domain 
of the function   is all real numbers since you can input any value into   
and get an output.  

However, some functions have restrictions on their domain – values for which the 

function will not return a result. A simple example is   which is not valid 

for   since   does not return a value.  

Similarly, the function   has a restriction on its domain at   

since   which does not return a value. So, the domain of this 

function is all values of   except  . 

Dividing by ‘zero’ is one of the common scenarios which results in a restriction on 
the domain.  

Another issue is taking the square root of a negative number which also does not 
return a result. For example, the function   does not have any negative 

numbers in its domain. We write that the domain of   is all real values of   greater 
than or equal to zero.  

Similarly, the function   has a domain of all real values of   greater 
than or equal to 2 since any value less than 2 results in taking the square root of a 
negative number.  

On the other hand, the range of a function is the set of all output values of the 
function.  

For example, the function   takes the absolute value of   (i.e. 
 . In this case the output values of   are all 
greater than or equal to zero, so the range is all values greater than or equal to 
zero.  

f  a f (a)

f (x) = x2 x2

f (x) =
1
x

x = 0
1
0

f (x) =
3

(x − 4)
x = 4

f (4) =
3

4 − 4
=

3
0

x x = 4

f (x) = x
f x

f (x) = x − 2 x

f (x) = x x
f (3) = 3, f (−3) = 3, f (−4) = 4, …) f
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Collinear Points  

Points are said to be collinear if they lie in the same straight line. Vectors can be 
used to show that three points are collinear by making two vectors out of the 
points and showing that a) the vectors are parallel and b) there is a common point 
between the two vectors. 

If you have two parallel lines which share a common point then the endpoints of 
both lines must be collinear.  

A common mistake is to refer to ‘collinear vectors’. We can use vectors to show 
that three points are collinear but the vectors are not collinear.  

 

 

 

If the lines   and   are parallel – and since   is a common point to both lines – 
then   must, in fact, be collinear.  

 

 

 

AB BC B
A,  B,  and C
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Determining the Stationary Points of a Function 

Stationary Points are an important feature of functions because they indicate 
where a change occurs in the function.  

In the previous section we saw that there are three behaviours of a function. It 
can be increasing, decreasing, or stationary and this behaviour is indicated by the 
value of the derivative.  

Consider the following example.  

 

  

The arrows in the diagram show the ‘direction’ of the function as you move around 
it. The blue arrows indicate points where the tangent line has a zero gradient, 
these are the stationary points.  

Notice they’re the points where the graph changes direction; in the first case it’s 
the point where the function changes from increasing to decreasing. In the second 
case it’s the point where the function changes from decreasing to increasing.  
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There are three types of stationary point. A maximum turning point, a minimum 
turning point and a point of inflection. Point   above is a maximum turning point 
and point   is a minimum turning point. 

A point of inflection is identified by an elongated   shape as shown below.  

 

  

We find stationary points by using the key fact we know about them - that the 
value of the derivative is zero at a stationary point.  

In other words, stationary points occur where   or   

Consider again the function presented above, . 

  

For stationary points let  giving  

  

  

      and       

 ,   

′�1′�
′�2′�

′�S′�

f′�(x) = 0 dy
d x

= 0

 f (x) = x3 − 3x2 − 24x + 10

f′�(x) = 3x2 − 4x − 24

f′�(x) = 0 

3x2 − 4x − 24 = 0

(3x − 12)(x + 2) = 0

3x − 12 = 0 x + 2 = 0

x = 4 x = − 2
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To determine what kind of stationary point each is we examine to the left and 
right of the point using a nature table as follows.  

Start by populating the table with the stationary points, noting that the value of 
the derivative at those points is zero (since they are stationary points) and that 
therefore the ‘shape’ of the tangent line at those points is horizontal.  

Next, choose values to the left and right of each stationary point and test the 
value of the derivative there – be sure to substitute the value into the derivate 
expression not the original function.  

Note that it doesn’t matter what values you choose as long as they’re in the 
correct range but it makes sense to choose values which will be easy to calculate 
with. For a number between     is a good choice since it is easy to 
calculate with.   

The actual value of the derivative at each point is not important, just whether it is 
positive or negative as this will determine the shape of the graph in that range. 
So, if you prefer you can write   or   instead of the numerical value as follows.  

−2 and 4, 1

+ –
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The Chain Rule for Integration 

Like the chain rule for differentiation, the chain rule for integration applies to 
composite functions only. It’s often called the reverse chain rule.  

Let  then   

In words, ‘increase the power on the bracket by one and divide by the new power 
- but also divide by the derivative of the inside of the bracket’.  

It’s important to note that although we’re integrating we use the derivative of the 
inside of the bracket. This is because, recalling that the integral is an anti-

derivative, if we differentiate the result   we should get back to 

the original function,   

Find    

  

Find   

  

Find    

  

f (x) = (a x + b)n,   ∫ (a x + b)n d x =
(a x + b)n+1

(n + 1) ∙ a
+ c

(a x + b)n+1

(n + 1) ∙ a
+ c

f (x) .  

∫ (3x + 2)4 d x

∫ (3x + 2)4 d x =
(3x + 2)5

5 ∙ 3
+ c =

(3x + 2)5

15
+ c

∫ (4x − 3)2 d x

∫ (4x − 3)2 d x =
(4x − 3)3

3 ∙ 4
+ c =

(4x − 3)3

12
+ c

∫ (2x − 2)−3 d x

∫ (2x − 2)−3 d x =
(2x − 2)−2

−2 ∙ 2
+ c =

(2x − 2)−2

−4
+ c
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Circles 

Circles are defined by two features – the centre and the radius. Therefore, the 
equation of a circle captures those two features. There are two forms of the 
equation of a circle.  

The (Basic) Equation of a Circle  

The circle with centre   and radius   is defined by   

Note that a special case is the circle centre at the origin   and radius   which 
has equation   

The equation of a circle defines all of the points that lie on the circle. In other 
words a point  lies on the circle if and only if the equation of the circle is 

satisfied by the point  .  

For example, a circle has equation   
Then the point   does not lie on the circle because 
  
However,   so   does lie on the circle.  

The General Equation of a Circle  

The general equation of a circle with centre   and radius   

is   

This form of the equation of a circle looks very different to the basic equation of a 
circle but, in fact, it’s simply a rearrangement of it obtained by expanding the 
squared brackets.  

However, this form is less intuitive because you cannot immediately read off the 
centre and radius by looking at the equation.  

Consider the following example.  
Let   be the equation of a circle.  

Then the   co-ordinate of the centre   is simply the negative of half of the 
coefficient of   i.e. half of 4 is 2 and then the negative of that is   

(a,  b) r (x − a)2 + (y − b)2 = r2

(0, 0) r
x2 + y2 = r2

(x,  y) 
(x,  y)

(x − 2)2 + (y + 3)2 = 52

(4,  − 1)
(4 − 2)2 + ( − 1 + 3)2 = 8 ≠ 52

(5 − 2)2 + (1 + 3)2 = 25 = 52 (5, 1)

( − g,   − f ) g2 + f 2 − c

 x2 + y2 + 2gx + 2f y + c = 0

x2 + y2 + 4x − 6y + 3 = 0

x ( − g)
x −2
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Maximum and Minimum Values on a Closed Interval  

A question may ask you to find the maximum or minimum value of a function on a 
closed interval.  

A closed interval is a range of values which includes the endpoints (an open 
interval does not include the endpoints). For example,   is the closed 
interval which includes all values of   between 2 and 7, including 2 and 7. This 
closed interval is notated using square brackets   

We need to define what we mean by the maximum and minimum value of a 
function. This is simply the highest and lowest output value of the function on the 
given interval. Consider the following example.  

For the function   on the interval   we can construct a table of 
integer values.  
 

Looking at the output values,   we see that the highest number is 16 and the 
lowest number is 0. So the maximum value is 16 and the minimum value is 0.  

2 ≤ x ≤ 7
x

[2, 7] .

f (x) = x2 [ − 4, 4]

f (x),
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Finding the Area between Two Curves 

The area between two curves can be found using a definite integral in a similar 
way to how we find the area under a single curve. When we talk about the area 
between two curves we specifically mean the area between the curves and two 
limits.  
 

Consider the above graph. The area between the above curves,   and   , is 
given by 

                

Notice that   is the ‘top’ curve between the limits  When calculating 
the area between curves we always take the definite integral between the limits 
of the top curve minus the bottom curve.  

    

It’s usually the case that the limits are the points at which the curves intersect as 
in the above example.  

f (x) g(x)

Area =∫
b

a
(g(x) − f (x)) d x

g(x) a and b .  

Area bet ween cur ves = ∫
b

a
(top − bottom) d x
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